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The paper presents an analytical solution of the heat conduction equation with constant coefficients for
laser irradiation at the interface of two materials by applying Laplace transformation. Special attention is
put on liquid–solid interfaces. The model considers the laser absorption in only one material as well as at
the interface. The temperature distribution and the thermal flow across the materials interface as well as
the energy efficiency to heat the solid material were studied in dependence on selected material proper-
ties, the laser beam absorption, and the length of the laser pulse. High solid surface temperatures can be
achieved with high absorption liquids, sufficient interface absorption, and at short laser pulses. The com-
parison with numerical results shows a good congruence.
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1. Introduction

The interaction of laser radiation with matter is of great interest
for a lot of industrial applications due to the advantages of laser
processing techniques such as localized interaction, low overall
material alteration, 3D-capabilities, force-free processing, etc.
Laser-matter interaction processes are very important for biologi-
cal and medical purposes in which liquid phases often are in-
volved. Often, the main process of laser-matter interaction is the
heat generation due to the laser energy absorption into the mate-
rial. Bäuerle [1] summarizes the processes upon laser irradiation of
materials and presents different solutions of the heat transfer
problem for different irradiation configurations. A general intro-
duction of solving the heat transfer equation together with a broad
range of different solutions for different heat conduction problems
and applications is given by Carslaw and Jaeger [2].

The predominant number of industrial laser applications makes
use of the thermal effect of laser irradiation of solid materials.
Therefore, many technical and scientific papers dealt with the ther-
mal effects of laser beam absorption. Because typically absorbing
solids are used in laser processing the heat conduction equation
is solved especially for semi-infinite substrates often without heat
losses across the surface [1].

Further, different laser pulse shapes and energy density distri-
butions have been considered in solving the heat equation. Some-
times phase transitions, layered substrates, and chemical reactions
were included in the investigation [1]. In addition, laser-induced
ll rights reserved.
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melting processes are studied for different materials and condi-
tions due to the technical importance [3]. Even if the laser pulse
length is shorter than the electron–phonon coupling time and non-
linear interaction mechanisms happen, which can be expected for
ultra-short laser pulses, thermal processes have to be considered
after thermalization of the absorbed laser energy [4,5]. For a more
detailed description of the energy dissipation of ultra-short laser
pulses (tp < 10�11 s), Anisimov et al. proposed a two-temperature
model that includes the energy transport by the electron and the
phonon system and the coupling of both systems by relaxations
terms [6]. This and similar approaches [5] have been used to model
laser-matter interaction processes. For time scales larger than the
electron–phonon relaxation time (typical t � 10�11–10�12 s), the
two-temperature model merges into the ordinary heat conduction
equation.

The modeling of laser-induced processes allows not only the
estimation of experimental parameters but also helps to under-
stand the laser-matter interaction and the material processing pro-
cedure in general. Due to the complexity of current problems of
laser materials heating an increasing number of numerical tech-
niques is used for solving such problems [7,8]. Nevertheless, ana-
lytical solutions offer a fast access to the principal behavior of
the system under consideration even if approximations (constant
coefficients, simple temporal laser pulse shape, etc.) limit the
validity for the real application.

Currently, an increasing number of technical, biological, and
medical laser applications is accomplished at the solid–liquid
interface [9]. For example, laser ablation in liquids [10–13], laser-
induced wet etching processes (LIBWE) [1,14,15], or steam clean-
ing [16] are well known. Especially laser-induced backside wet
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Nomenclature

Symbols
A coefficient of heat flow across the interface (W m�2)
cp specific heat (J kg�1 K�1)
D thermal diffusivity (m2 s�1)
F laser fluence F = ILtp (J m�2)
IL power density of the laser beam (W m�2)
J heat flux (W m�2)
k thermal conductivity (W m�1 K�1)
LT thermal diffusion length (m)
LO optical penetration depth (m)
s Laplace variable
S laser-induced heat generation
t time (s)
tp pulse duration (s)
T temperature (K)
T0 ambient temperature (K)
V temperature in the Laplace domain (K)
x spatial variable (m)

Greek symbols
a absorption coefficient (m�1)
k wavelength (m)
q density (kg m�3)

Subscripts
L liquid
I solid–liquid interface
S solid
V volumetric
1 region 1, e.g. the solid
2 region 2, e.g. the liquid

Abbreviations
LIBWE laser-induced backside wet etching
n.s. not specified
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etching processes [17] make use of a laser-heated absorbing liquid;
first numerical investigations of the laser etching process were car-
ried out [18] but show, that the solely laser-induced heating of the
liquid is not able to exceed the melting temperature at the etch
threshold. To the best of my knowledge a specific solution of the
heat conduction equation for laser irradiation of an internal so-
lid–liquid material interface as depicted in Fig. 1 is not available.

In the solution of the heat conduction equation the heat flow
across the interface has to be considered additionally. This heat
conduction causes the heating of the non-absorbing material, e.g.
the solid, and the cooling of the absorbing material, e.g. the liquid,
respectively.

2. Model for laser heating of a solid–liquid interface

A lot of former work solving the heat conduction equation
at material interfaces or surfaces concentrates on long-time
processes. Hence, heat transfer by convection or radiation was
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Fig. 1. Sketch of laser heating of a solid–liquid interface. The laser absorption (IL),
the temperature distribution (T) in both materials, and the heat conduction (JI)
across the interface are shown additionally.
considered in the solutions. However, current laser techniques
are able to provide energetic laser pulses on the ns or even the
fs/ps time scale. Due to the short-time scale of the laser pulse
the thermal flow across interfaces or surfaces due to convection
and even thermal radiation can be neglected in comparison to
the energy flux of the heating laser beam for temperature calcula-
tion during the pulse duration.

For irradiation of the internal interface of adjacent or adjoining
materials by laser radiation, one material must be transparent at
the applied wavelength. The other material must show a sufficient
absorption in order to ensure the intended interaction of the laser
beam with the materials.

2.1. Set-up of the model for laser heating

In setting up the problem, constant material coefficients are
presumed. The whole problem is considered to be one-dimensional
although it is clear that a three-dimensional heat flow occurs in
general. However, for large spot size irradiation (beam size� char-
acteristic lengths) a one-dimensional approximation is valid.

For the above specified problem the one-dimensional heat con-
duction equation with constant coefficients can be written as
follows:

o2T
ox2 �

1
D
� oT
ot
¼ 1

k
Sðx; tÞ; ð1Þ

where T is the excess temperature with respect to the ambient tem-
perature T0.

The confinement of the thermal processes upon direct laser
heating of a solid surface is determined by some characteristic
lengths that can be either the laser penetration depth or the ther-
mal diffusion length given by LO = a�1 and LT ¼ 2 �

ffiffiffiffiffiffiffiffiffiffiffi
DT � t
p

with
DT = k/q � cp, respectively. Depending on these characteristic
lengths the heat distribution in single materials is often called opti-
cally or thermally confined. However, due to different materials of
the interface the parameters of both materials can cause different
confinements in both material regions. Considering typical mate-
rial properties of absorbing liquids and transparent solids, see
Table 1, the thermal processes are often optically confined in the

absorbing material and thermally confined in the transparent
material. In some cases, for example using a highly absorbing li-
quid (e.g. metals [19]), an interface absorption of the laser radia-
tion can be assumed. This problem of interface heating has been
solved already by Carslaw and Jaeger [2]. For LT� LO the tempera-



Table 1
Thermophysical and optical properties of selected solids and liquids and chosen ‘‘standard” material properties

Properties (T � 300 K) By default for the liquid Acetone [22] Toluene [22] By default for the solid Fused silica [22] Sapphire [23]

Density (kg m�3) 1000 784.6 858 2500 2202 3980
Specific heat capacity (J kg�1 K�1) 2000 2176 1705 700 750 761
Thermal conductivity (W m�1 K�1) 0.2 0.18 0.134 2 1.36 25.2a

Absorption coefficient (k = 248 nm) (m�1) 106 n.s. 2.08 � 105 0 <10�3 <10�2

a Perpendicular to optical axis.
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ture for finite optical absorption lengths can be approximated well
by interface absorption solutions. With the given default material
properties the condition LT� LO is fulfilled for t > 100 ls.

The problem of laser-heating of an internal surface is depicted
in Fig. 1 together with the most relevant processes using the exam-
ple of a solid–liquid interface.

Both the liquid and the solid regions are semi-infinite. It is as-
sumed that region 2 (e.g. the solid) is transparent and the laser
radiation is absorbed only in the material region 1 (e.g. the liquid)
or at the interface of both. In particular, the interface with its spe-
cific properties, e.g. an increased absorption due to the higher de-
fect density, was taken into account. The reflection of the laser
beam is neglected but can easily be included into the solution. Heat
transfer by radiation is not regarded and the convection of the li-
quid is neglected, too. Both assumptions usually are valid for
short-pulse laser irradiation. Materials decomposition or etching
as well as plasma formation are disregarded although they are typ-
ical processes at high-power laser irradiation of solid surfaces and
material processing.

The heating cycle is the most important time scale in applica-
tions of pulsed laser processing because the highest temperature
and therefore the strongest impact to the material can be expected
within the pulse length. However, the cooling cycle is also of rele-
vance as the average thermal load is given by both the heating and
the cooling cycle and further on secondary, thermally stimulated
processes might run at the cooling cycle that have influence on
the overall laser-matter interaction during prolonged laser
irradiation.

As the indirect heating of a transparent solid material immersed
into an absorbing liquid is a required solution for practical applica-
tions further considerations concentrate on this particular case.
The materials for the calculations are chosen according to technical
relevance.

2.2. Analytical solution for laser heating of the solid–liquid interface

For the above-mentioned problem the partial differential equa-
tion of heat conduction can be separated in two equations for each
material region: R1 – the absorbing material (liquid) – and R2 – the
transparent material (solid)

R1 :
o2T1

ox2
1

� 1
D1
� oT1

ot
¼ 1

k1
Sðx1; tÞ 0 6 x1 61; ð2Þ

R2 :
o2T2

ox2
2

� 1
D2
� oT2

ot
¼ 0 0 6 x2 61; ð3Þ

where D is the thermal diffusivity and S is the term of heat genera-
tion by the laser absorption.

The initial and boundary conditions are defined by

T1ðx1;0Þ ¼ T2ðx2;0Þ ¼ 0 0 6 x1;2 61; t ¼ 0 ð4Þ

and

T1ð1; tÞ ¼ T2ð1; tÞ ¼ 0 x1;2 !1; 0 6 t 61: ð5Þ

At the materials interface the boundary condition is
k1 �
oT1ð0; tÞ

ox1
¼ k2 �

oT2ð0; tÞ
ox2

¼ jJIj ð6Þ

for sole volume absorption. Supposing linear absorption of the laser
radiation in the material region 1 the source term in Eq. (2) is equiv-
alent to

Sðx1; tÞ ¼ IV � a1 � e�a1 �x1 0 6 x1 61; 0 6 t 6 tp ð7Þ

according to Beer’s law, where IV is the laser power density at the
interface, which is assumed to be constant, tp is the irradiation time,
e.g. the length of the laser pulse, and a1 is the linear absorption
coefficient in material region 1. Due to Eq. (7) the solution of the
problem is valid only within the pulse duration. However, according
to Refs. [1,2] a solution can be written down easily for the cooling
cycle after the laser pulse by adding a second solution using a neg-
ative source term for tp 6 t 61 with equal strength S. Both solu-
tions cover the full-time domain but do not consider thermal
radiation losses �T4 since the free emission of electromagnetic
waves is not presumed for the laser heated internal interface be-
tween regions 1 and 2.

For solving the heat equation different techniques can be
exploited as established in [2]. As demonstrated, the application
of the Laplace transformation is a convenient way for solving the
heat equation in different configurations of the source term and
various boundary conditions [2,20].

Applying Laplace transformation the subsidiary equations of
Eqs. (2) and (3) are

o2V1

ox2
1

� q2
1 �

oV1

ot
¼ IV � a1

k1 � s
� e�a1 �x1 ð8Þ

and

o2V2

ox2
2

� q2
2 �

oV2

ot
¼ 0 ð9Þ

with

q2
1 ¼

s
D1

and q2
2 ¼

s
D2

: ð10Þ

The Laplace transformations of the initial and boundary conditions
(6) and (7) give

V1ðx1;0Þ ¼ V2ðx2; 0Þ ¼ 0 ð11Þ

and

k1 �
oV1ð0; sÞ

ox1
¼ k2 �

oV2ð0; sÞ
ox2

; ð12Þ

respectively. The principal solutions of the subsidiary equations (8)
and (9) are

V1 ¼ C1 � e�q1 �x1 þ IV � a1

k1 � s � ða2
1 � q2

1Þ
� e�a1 �x1 ð13Þ

and

V2 ¼ C2 � e�q2 �x2 : ð14Þ
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The unknown coefficients C1 and C2 are found from the initial and
the boundary conditions given in Eqs. (11) and (12). The solution
of the subsidiary equation for the non-absorbing solid material (re-
gion 2) heated indirectly by the laser-heated liquid is

V2 ¼
ffiffiffiffiffiffi
D1
p

� IV

k2 �
ffiffiffiffiffiffi
D1
p

þ k1 �
ffiffiffiffiffiffi
D2
p �

1
D1 �a2

1
� e�q2 �x2

q2
þ e�q2 �x2

s�q2

�
ffiffiffiffi
D2

pffiffiffiffi
D1

p
�a1
� e�q2 �x2

s � 1
D1 �a2

1
� e�q2 �x2

q2þa1 �
ffiffiffiffiffiffiffiffiffiffi
D1=D2

p

2
64

3
75
ð15Þ

after calculating the partial fractions and some simplifications.
Thanks to the partial fraction decomposition the temperature in
the solid material (region 2) can be calculated using tables of La-
place transforms [2].

Accordingly, the temperature T2 is given by
T2 ¼
ffiffiffiffiffiffi
D1
p

k2 �
ffiffiffiffiffiffi
D1
p

þ k1 �
ffiffiffiffiffiffi
D2
p � IV �

1
D1 �a2

1
�
ffiffiffiffiffi
D2
p�t

q
� e
�

x2
2

4�D2 �t

� �
þ ierfc x2

2�
ffiffiffiffiffiffi
D2 �t
p

� �
�

ffiffiffiffi
D2

pffiffiffiffi
D1

p
�a1
� erfc x2

2�
ffiffiffiffiffiffi
D2 �t
p

� �
� 1

D1 �a2
1
�

ffiffiffiffiffi
D2
p�t

q
� e
�

x2
2

4�D2 �t

� � 

�a1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 � D2
p

� ea1 �
ffiffiffiffiffiffiffiffiffiffi
D1=D2

p
�x2þa2

1 �D1 �t � erfc x2

2�
ffiffiffiffiffiffi
D2 �t
p þ a1 �

ffiffiffiffiffiffiffiffiffiffiffi
D1 � t
p� ��

2
66664

3
77775: ð16Þ
The solution of Eq. (2) for region 1 where the laser beam is ab-
sorbed is given in Appendix A.

The temperature near the interface of an absorbing liquid and a
transparent solid having the material properties listed in Table 1 is
shown in Fig. 2 at the end of a single laser pulse of a length of 20 ns
with the power density of 2.5 � 1011 W m�2. Due to the laser beam
absorption in the liquid an almost exponential decay of the tem-
perature is visible except for the near-interface region where the
temperature drops down rapidly. The maximum temperature is
not observed at the materials’ interface where the laser beam has
the highest power density but occurs at a distance in the liquid
similar to the thermal diffusion length.
T2 ¼
ffiffiffiffiffiffi
D1
p

k2 �
ffiffiffiffiffiffi
D1
p

þ k1 �
ffiffiffiffiffiffi
D2
p �

IV �

1
D1 �a2

1
�
ffiffiffiffiffi
D2
p�t

q
� e
�

x2
2

4�D2 �t

� �
þ ierfc x2

2�
ffiffiffiffiffiffi
D2 �t
p

� �
�

ffiffiffiffi
D2

pffiffiffiffi
D1

p
�a1
� erfc x2

2�
ffiffiffiffiffiffi
D2 �t
p

� �

� 1
D1 �a2

1
�

ffiffiffiffiffi
D2
p�t

q
� e
�

x2
2

4�D2 �t

� �
� a1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 � D2
p

� ea1 �
ffiffiffiffiffiffiffiffiffiffi
D1=D2

p
�x2þa2

1 �D1 �t � erfc x2

2�
ffiffiffiffiffiffi
D2 �t
p þ a1 �

ffiffiffiffiffiffiffiffiffiffiffi
D1 � t
p� � !

2
666664

3
777775

þII � ierfc x2

2�
ffiffiffiffiffiffi
D2 �t
p

� �

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;
: ð18Þ
2.3. Consideration of an additional absorption at the materials’
interface

As known from different fields of physics, surfaces and inter-
faces are specific regions with different properties in relation to
bulk materials. Especially structural defects appear. Moreover,
the surface can be modified by additional substances such as con-
taminants that can change its properties, too. Such processes are
known as adsorption that often occurs at solid–liquid interfaces.
Both the intrinsic defects of the material interface and the ‘‘con-
taminants” can increase the absorption of light, i.e. of the laser
radiation. Such a surface-enhanced absorption is regularly ob-
served in laser processing. Moreover, at prolonged laser irradia-
tion defects can be generated in materials, especially near the
surface. Such laser-induced defects cause the well-known incuba-
tion effect in laser-assisted processes, i.e. the laser-initiated effect
increases with the irradiance [1]. Therefore, the consideration of
an additional heat source at the interface of the two materials
is of essential practical importance.

The absorption at surfaces and interfaces is considered in
the boundary condition. Therefore, Eq. (6) must be
extended by a source term that accounts for the laser absorp-
tion as:

k1 �
oT1ð0; tÞ

ox1
¼ k2 �

oT2ð0; tÞ
ox2

� II: ð17Þ

Due to the interface absorption the laser intensity at the liquid sur-
face IV is lower according to IV = IL � II.

Using this extended boundary condition of Eq. (17) and per-
forming the whole procedure of Laplace transformation, solving
the differential equation, and applying inverse Laplace transforma-
tion this problem has been solved in a similar way. In consequence,
an additional term has to be added to the result of a non-absorbing
interface given in Eq. (16). This additional term corresponds to the
result of a pure surface heating but is weighted by the thermal
coefficients of the adjoining materials. In other words, the superpo-
sition of temperature fields of independent sources, namely the
interface absorption and the volume absorption, results in the sim-
ple addition of the mentioned term. The solution for the liquid (see
Appendix B) is similar to the solid materials region, but differs in
an additional term describing the interface source term.
Often the temperature at specific points is of particular interest
especially for practical aspects. Therefore, the interface tempera-
ture (x = 0) was calculated from T2 using Eq. (18) and is given by

T I¼
ffiffiffiffiffiffi
D1
p

k2 �
ffiffiffiffiffiffi
D1
p

þk1 �
ffiffiffiffiffiffi
D2
p

� IV �
LT2ffiffiffiffi
p
p þ 1

a1
�

ffiffiffiffiffiffi
D2

D1

s
� e

a1 �LT1
2

� �2

�erfc
a1 �LT1

2

� �
�1

0
@

1
A

2
4

3
5þII �

LT2ffiffiffiffi
p
p

8<
:

9=
;
ð19Þ

with LTn ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffi
Dn � t
p

.
With increasing absorption of the liquid the interface tempera-

ture approaches the value of solely interface absorption which
causes maximum interface temperatures. Consequently, high
interface temperatures are achieved with highly absorbing liquids.
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For high absorption values, i.e. a1 � LT1 � 1, Eq. (19) can be
approximated by

T I ¼
ffiffiffiffiffiffi
D1
p

k2 �
ffiffiffiffiffiffi
D1
p

þ k1 �
ffiffiffiffiffiffi
D2
p � IV �

a1

4
� LT1 � LT2 þ II �

LT2ffiffiffiffi
p
p

� �
: ð20Þ

The temperature across a materials interface with a partial absorp-
tion of the laser radiation by the interface in comparison to the tem-
perature distribution without the interface absorption is shown in
Fig. 3. The substantial influence of interface absorption on the max-
imum temperature and its spatial dependence are clearly depicted.

3. Discussion

The achieved temperature fields across the materials interface
are analyzed concerning the influence of material parameters
and the laser energy deposition. The basic parameters were chosen
to represent materials properties of typical solid–liquid interfaces.
The used material parameters are listed in Table 1 but can be ob-
tained in general from data pools [22,23] for different wavelengths.

The achieved solutions are valid for time scales larger than the
relaxation time of excited states into the phonon system so that
the source term of Eq. (2) can be described by Beer’s law Eq. (7).
The primary energy deposition in the case of high energy laser
pulses (IL > 109 W/cm2) that can be easily exceeded by applying fo-
cused ultrashort laser pulses (tp � 10�15–10�12 s) can, however,
differ from the linear absorption provided by Beer’s law and must
be described by multi-photon absorption and/or avalanche pro-
cesses. Also, specific material characteristics, e.g. light scattering
into the material, can result in a different energy deposition as
the optical path is modified, i.e. extended. Resonances in globular
composites may also influence the light absorption. In these cases
either refined solutions of the found results are required or aver-
aged values of the absorption (absorption coefficient or penetra-
tion depth) can be used as a first approximation. Also for the
case of weak absorbing solids (region 2) the given solution is a
good approximation with the condition a1� a2 and the consider-
ation of the absorption a2 in region 2 for calculation IL.

The analytical solution is useful for ns-laser irradiation of materi-
als interfaces as the lower limit is given by the electron–phonon cou-
pling time constant (t � 10�11 s) and the upper limit (t � 10�3 s)
results from the transfer of the solution to the special case of pure
interface absorption. However, this time domain covers exactly the
pulse length of typically used pulsed laser sources and therefore
meets the requirements of practical temperature calculations.

If not specified otherwise the following parameters were used
for calculations; the laser source has a pulse length of 20 ns and
a fluence F of 5 � 104 J m�2, the initial temperature was set to
300 K and the default material parameters of Table 1 were applied.

3.1. Relevance of interface absorption for materials processing

The temperature and the heat flux across the solid–liquid inter-
face are shown in Fig. 3 for typical processing parameters and weakly
absorbing liquids ðLTL � LOL Þ. Due to the rather low absorption of the
liquid the heated material depth is much higher in the liquid than it
is in the solid material which is heated by thermal conduction only.

Therefore, the heated solid depth is similar the thermal diffu-
sion length that is additionally shown in Fig. 3. Further, the tem-
perature in the liquid phase without an adjacent solid surface is
shown. A remarkable difference in the liquid temperatures near
the interface with and without the solid material is depicted in
Fig. 3. It can be attributed to the ‘‘cooling” of the laser-heated liquid
by the thermal flow to the solid material. Due to this heat trans-
port, the maximal temperature is inside the liquid absorber with
a distance to the interface that is approximately equal the thermal
diffusion length of the liquid.

The thermal flow across the interface (also depicted in Fig. 3)
shows clearly that the heat flow from the laser-heated liquid to
the solid is limited by the thermal diffusion length of the liquid.
The heat flow goes into reverse (negative values) at larger dis-
tances from the interface. The heat flux through the interface is
about 1.5 orders of magnitude less than the power density of the
laser beam of 2.5 � 1011 W m�2. Therefore, a limitation of the over-
all transferred energy can be expected. The energy that is trans-
ferred from the liquid to the heated solid is marked in the figure
and can be calculated from the difference in the laser-induced tem-
peratures achieved with and without the solid (see Fig. 3). Because
the heated liquid volume is equivalent the optical penetration
depth that is much larger than the thermal diffusion length of
the liquid only 2.5% of the laser energy were utilized for solid heat-
ing at a liquid absorption coefficient of aL = 1 � 106 m�1.

Fig. 4 shows the percentage of the laser energy utilized for heat-
ing the solid material in dependence of the absorption coefficient
of the liquid for two different interface absorption values. At low
absorption coefficients where the optical penetration depth is
much larger than the thermal diffusion length only low laser en-
ergy is transferred to the solid. However, with the reduction of
the optical penetration depth the energy transferred to the solid in-
creases and finally reaches the limit given by pure interface
absorption. For optimal utilization of the laser energy a partial la-
ser absorption at the interface (e.g. 30% as shown in the figure)
causes a much higher energy transfer to the solid and consequently
higher temperatures compared to solely utilization of high absorb-
ing liquids.
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3.2. Comparison with numerical calculations using temperature-
dependent material parameters

As known the material properties depend on various parame-
ters, e.g. the temperature. For the evaluation of the influence of real
material parameters on the temperature the analytical results
were compared to numerical values considering the temperature
dependence of both the specific heat and the thermal conductivity
of the solid whereas the liquid properties were kept constant.

In Fig. 5 the temperatures across the interface calculated analyt-
ically and numerically with constant coefficients (values at T0 are
used) are compared with the temperatures achieved with temper-
ature-dependent material properties. The analytically calculated
temperatures agree with the numerical ones very well as shown
in Fig. 5. The slightly lower temperatures resulting from the
numerical calculations using temperature-dependent coefficients
are the consequence of the rise of the specific heat and the thermal
conductivity with the temperature. Nevertheless, the approxima-
tion of the analytical solution to the numerical results can basically
be improved when the coefficients of an average temperature are
used.

3.3. Discussion of experimental results of LIBWE

As already mentioned laser beam absorption at material inter-
faces is used for LIBWE which allows high-quality etching of
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Fig. 5. Comparison of the analytical with the numerical results calculated using
either constant (at T0) or temperature-dependent coefficients.
transparent materials, e.g. fused silica, with UV laser radiation
(k = 248 nm, tp � 25 ns) [14,17–19]. The mechanism of materials
etching results from highly dynamic processes at the liquid–solid
interface that are caused by the absorption of the laser beam and
the subsequent materials heating near the interface. In Fig. 6 the
etch rate is shown in comparison to the maximum interface tem-
perature upon laser irradiation. Clearly, the etching threshold (Fth)
as well as an approximately linear increase of the etch rate are
characteristics of the etching process. However, the fused silica
surface temperature does not reach the melting temperature at
the threshold without partially interface absorption (0%) so that
materials etching cannot be expected. In fact, absorption mea-
surements at the laser wavelength show a significant surface
absorption of the laser-etched fused silica that amounts about
32% at the etching threshold [21]. The temperatures calculated
by the model considering both liquid and interface absorption
(30%) exceed the vaporization temperature of fused silica by far
as shown in the figure. Moreover, the linear growth of the etch
rate is in accordance with the linear increase of the temperature
with rising laser fluence. Therefore, it can be suggested that the
etching process is determined by the explosive vaporization of
the fused silica.

4. Conclusions

An analytical solution of the heat conduction equation with
constant coefficients has been developed for laser-irradiated
material interfaces. The model considers the laser absorption in
one material as well as at the interface. The achieved results
in terms of temperature distribution, the thermal flow, and the
energy efficiency for heating the solid interface partner show
that the material properties, the distribution of the absorbed la-
ser energy, and the pulse duration of the laser pulse have a ma-
jor influence on the thermal processes. In order to achieve high
interface or solid surface temperatures as well as efficient laser
energy utilization sufficient interface absorption is required
especially for good heat conducting solids. Although theoretically
high interface temperatures can be achieved by high absorbing
liquids the thermal resistance of the liquid limits the heat flow
to the solid material, too. For technical applications the attained
solution agrees sufficiently with numerical results which con-
sider temperature-dependent material parameters. Finally, it al-
lows the interpretation of experimental results as shown for
the LIBWE process.
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Appendix A

Solution of Eq. (2) for temperature calculations in the region 1
(liquid), which absorbs the laser radiation, without interface
absorption.
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with IV = I0.

Appendix B

Solution of Eq. (2) for temperature calculations in the region 1
(liquid) with interface absorption.
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